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In this paper, several new oscillation criteria for the second-order nonlinear neutral delay
differential equation
[r(t)|(x(t)+ p(t)x[σ(t)])′|m−1(x(t)+ p(t)x[σ(t)])′]′ + q(t)f (x[τ(t)]) = 0,
t ≥ t0
are established. These oscillation criteria extend and improve some known results. An
interesting example illustrating the importance of our results is also provided.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
This paper is concerned with the oscillatory behavior of the second-order nonlinear neutral delay differential equation
[r(t)|(x(t)+ p(t)x[σ(t)])′|m−1(x(t)+ p(t)x[σ(t)])′]′ + q(t)f (x[τ(t)]) = 0, t ≥ t0. (1.1)
wherem is a positive constant.
In what follows we assume that
(I1) p, q ∈ C([t0,∞), R), 0 ≤ p(t) ≤ 1, q(t) ≥ 0;
(I2) r(t) ∈ C1([t0,∞), R+), r(t) ≥ 1, r ′(t) > 0, R(t) =
∫ t
t0
r−
1
m (s)ds, limt→∞ R(t) = ∞;
(I3) f ∈ C(R, R), f (u)|u|m−1u ≥ µ > 0, x 6= 0, µ is a constant;
(I4) σ (t) ∈ C([t0,∞), R), σ (t) ≤ t, t ≥ t0, limt→∞ σ(t) = ∞;
(I5) τ (t) ∈ C([t0,∞), R), τ (t) ≤ t, τ ′(t) > 0, t ≥ t0, limt→∞ τ(t) = ∞.
By a solution of Eq. (1.1), we mean a continuously differential function x(t) which is defined for t ≥ min{σ(t0), τ (t0)}
such that x(t) satisfies Eq. (1.1) for all t ≥ t0. In the paper, it will be always assumed that solutions of Eq. (1.1) exist on some
half-line [t1,∞), (t1 ≥ t0). A solution of Eq. (1.1) is called oscillatory if it has arbitrary large zeros; otherwise, it is called
nonoscillatory. Eq. (1.1) is called oscillatory if all of its solutions are oscillatory.
In the last two decades there has been an increasing interest in obtaining sufficient conditions for the oscillation and
nonoscillation of nonlinear second-order neutral delay differential equations which are special cases of Eq. (1.1). We refer
to the recent papers [1–9] and references cited therein.
Recently, Xu and Meng [10] have presented some general oscillation criteria for Eq. (1.1). Motivated by [1,8–10], we will
further the investigation and offer some more general new oscillation criteria for Eq. (1.1), by employing a new class of
function Y and a new operator T . The new operator T is different from the operator T used in [10]. An interesting example
illustrating the importance of our results is also provided.
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We say that a function φ = φ(t, s, l) belongs to the function class Y , denoted by φ ∈ Y , if φ ∈ C(E, R), where
E = {(t, s, l) : t0 ≤ l ≤ s ≤ t < ∞}, which satisfies φ(t, t, l) = 0, φ(t, l, l) = 0, φ(t, s, l) 6= 0, for l < s < t , and
has the partial derivative ∂φ/∂s on E such that ∂φ/∂s is locally integrable with respect to s in E. By choosing the special
function φ, it is possible to derive several oscillation criteria for a wide range of differential equations.
We define the operator T [·; l, t] by
T [g; l, t] =
∫ t
l
φ(t, s, l)g(s)ds, (1.2)
for t ≥ s ≥ l ≥ t0 and g(s) ∈ C1[t0,∞).
The function ϕ = ϕ(t, s, l) is defined by
∂φ(t, s, l)/∂s = ϕ(t, s, l)φ(t, s, l). (1.3)
It is easy to verify that T [; l, t] is a linear operator and that it satisfies
T [g ′; l, t] = −T [gϕ; l, t] (1.4)
for g(s) ∈ C1[t0,∞).
2. Main results
We start with the following oscillation criterion.
Theorem 2.1. Assume that there exist functions φ ∈ Y and k(t) ∈ C1([t0,∞), R+), such that
lim sup
t→∞
T
Q1(s)− r(τ (s))k(s)
(τ ′(s))m
(
ϕ(s)+ k′(s)k(s)
m+ 1
)m+1
; l, t
 > 0, (2.1)
where Q1(s) = µk(s)q(s)(1 − p(τ (s)))m, the operator T is defined by (1.2), and ϕ = ϕ(t, s, l) is defined by (1.3). Then every
solution of Eq. (1.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Eq. (1.1); then there exists t1 ≥ t0 such that x(t) 6= 0 for all t ≥ t1. Without
loss of generality, we assume that x(t) > 0, x[σ(t)] > 0, x[τ(t)] > 0, for all t ≥ t1. Define z(t) = x(t)+ p(t)x[σ(t)] for all
t ≥ t1 ≥ t0. Then Eq. (1.1) becomes
(r(t)|z ′(t)|m−1z ′(t))′ + q(t)f (x[τ(t)]) = 0, t ≥ t1. (2.2)
It follows from (I1) and (I3) that z(t) ≥ x(t), t ≥ t1, and
(r(t)|z ′(t)|m−1z ′(t))′ ≤ 0, t ≥ t1. (2.3)
Therefore r(t)|z ′(t)|m−1z ′(t) is a decreasing function.
We claim that z ′(t) > 0 for t ≥ t1.
Otherwise, there exists t2 ≥ t1 such that z ′(t2) ≤ 0. If z ′(t2) = 0, from (2.3), we can obtain that there exists t3 ≥ t2 such
that z ′(t3) < 0. So we can assume z ′(t2) < 0. Then from (2.3), we have
r(t)|z ′(t)|m−1z ′(t) ≤ r(t2)|z ′(t2)|m−1z ′(t2), t ≥ t2;
hence
z(t) ≤ z(t2)−
[−r(t2)|z ′(t2)|m−1z ′(t2)] 1m ∫ t
t2
r−
1
m (s)ds.
Letting t →∞, by (I2), we get limt→∞ z(t) = −∞. This contradiction proves that z ′(t) > 0 for t ≥ t1. Therefore, we have
r(t)(z ′(t))m ≤ r[τ(t)](z ′[τ(t)])m, it follows that
z ′[τ(t)]
z ′(t)
≥
(
r(t)
r[τ(t)]
) 1
m
. (2.4)
Now from (2.2) and (I3), we get (r(t)(z ′(t))m)′ + µq(t)xm[τ(t)] ≤ 0, t ≥ t1; that is,
0 ≥ (r(t)(z ′(t))m)′ + µq(t)(z[τ(t)] − p[τ(t)]x[σ(τ(t))])m
≥ (r(t)(z ′(t))m)′ + µq(t)zm(τ (t))(1− p[τ(t)])m.
So we have
(r(t)(z ′(t))m)′
zm(τ (t))
≤ −µq(t)(1− p[τ(t)])m. (2.5)
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Let
w(t) = k(t) r(t)(z
′(t))m
zm(τ (t))
, t ≥ t1. (2.6)
Thenw(t) > 0. From (2.4)–(2.6), we get
w′(t) = k′(t) r(t)(z
′(t))m
zm(τ (t))
+ k(t)
(
r(t)(z ′(t))m
zm(τ (t))
)′
≤ k
′(t)
k(t)
w(t)− µk(t)q(t)(1− p[τ(t)])m −m(w(t))m+1m
(
z ′[τ(t)]τ ′(t)
(k(t)r(t))
1
m z ′(t)
)
≤ k
′(t)
k(t)
w(t)− Q1(t)− mτ
′(t)
(r[τ(t)]k(t)) 1m
(w(t))
m+1
m . (2.7)
Applying T [·; l, t] to (2.7), we have
T [w′(s); l, t] ≤ T
[
k′(s)
k(s)
w(s)− Q1(s)− mτ
′(s)
(r[τ(s)]k(s)) 1m
(w(s))
m+1
m ; l, t
]
.
By (1.4) and the above inequality, we have
T [Q1(s); l, t] ≤ T
[(
ϕ + k
′(s)
k(s)
)
w(s)− mτ
′(s)
(r[τ(s)]k(s)) 1m
(w(s))
m+1
m ; l, t
]
. (2.8)
Set
F(v) =
(
ϕ + k
′(s)
k(s)
)
v − mτ
′(s)
(r[τ(s)]k(s)) 1m
(v)
m+1
m , v > 0.
By simple calculation, we have that, when
v =
(
ϕ + k′(s)k(s)
)m
(r[τ(s)]k(s))
((m+ 1)τ ′(s))m ,
F(v) has the maximum(
ϕ + k′(s)k(s)
m+ 1
)m+1
r[τ(s)]k(s)
(τ ′(s))m
;
that is,
F(v) ≤ Fmax =
(
ϕ + k′(s)k(s)
m+ 1
)m+1
r[τ(s)]k(s)
(τ ′(s))m
. (2.9)
From (2.8) and (2.9), we obtain
T [Q1(s); l, t] ≤ T
(ϕ + k′(s)k(s)
m+ 1
)m+1
r[τ(s)]k(s)
(τ ′(s))m
; l, t
 ;
that is,
T
Q1(s)− (ϕ + k′(s)k(s)m+ 1
)m+1
r[τ(s)]k(s)
(τ ′(s))m
; l, t
 ≤ 0.
Taking the super limit in the above inequality, we have
lim sup
t→∞
T
Q1(s)− (ϕ + k′(s)k(s)m+ 1
)m+1
r[τ(s)]k(s)
(τ ′(s))m
; l, t
 ≤ 0.
We arrive the contradiction with the main assumption (2.1) of the theorem. Hence, Eq. (1.1) is oscillatory. 
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Remark 2.1. If k(t) ≡ 1, our result is similar to Theorem 2.1 presented in [10].
If we choose φ(t, s, l) = ρ(s)(t − s)σ (s − l)µ for σ > 12 , µ > 12 , ρ(s) ∈ C1([t0,∞), (0,∞)), then ϕ(t, s, l) =
ρ′(s)
ρ(s) + µt−(σ+µ)s+σ l(t−s)(s−l) . We obtain the following convenient oscillation criterion.
Theorem 2.2. Eq. (1.1) is oscillatory provided that, for each l ≥ t0, there exist a function ρ(s) ∈ C1([t0,∞), (0,∞)) and two
constants σ ,µ > 12 such that
lim sup
t→∞
∫ t
l
ρ(s)(t − s)σ (s− l)µ
[
Q1(s)− 1
(m+ 1)m+1
r[τ(s)]k(s)
(τ ′(s))m
×
(
k′(s)
k(s)
+ ρ
′(s)
ρ(s)
+ µt − (σ + µ)s+ σ l
(t − s)(s− l)
)m+1]
ds > 0,
where Q1(s) = µk(s)q(s)(1− p[τ(s)])m.
If we choose φ(t, s, l) = ρ(s)(R(t)− R(s))α(R(s)− R(l))β , for α, β > m, ρ(s) ∈ C1([t0,∞), (0,∞)), we have
ϕ(t, s, l) = ρ
′(s)
ρ(s)
+ βR(t)− (α + β)R(s)+ αR(l)
r(s)(R(t)− R(s))(R(s)− R(l)) .
We can obtain the following result.
Theorem 2.3. Eq. (1.1) is oscillatory provided that, for each l ≥ t0, there exist a function ρ(s) ∈ C1([t0,∞), (0,∞)) and two
constants α, β > m, such that
lim sup
t→∞
∫ t
l
ρ(s)(R(t)− R(s))α(R(s)− R(l))β
×
{
Q1(s)− 1
(m+ 1)m+1
r[τ(s)]k(s)
(τ ′(s))m
[
k′(s)
k(s)
+ ρ
′(s)
ρ(s)
+ βR(t)− (α + β)R(s)+ αR(l)
r(s)(R(t)− R(s))(R(s)− R(l))
]m+1}
ds > 0. (2.10)
If we let k(s) ≡ 1 and φ(t, s, l) = (R(t)− R(s))α(R(s)− R(l))β in Theorem 2.1, we have the following result.
Corollary 2.1. Eq. (1.1) with τ(t) = λt, (0 < λ ≤ 1) is oscillatory provided that, for each l ≥ t0,
lim sup
t→∞
∫ t
l
(R(t)− R(s))α(R(s)− R(l))βQ1(s)ds > 1
λm(m+ 1)m+1 (R(t)− R(l))
α+β−m0(β −m)0(α −m)
0(α + β −m+ 1) H, (2.11)
where
H =
m+1∑
i=0
C im+1β
m+1−i(−α)i0(α + 1− i)0(β −m+ i)
0(α −m)0(β −m) .
Proof. Let u = R(s)− R(l), w = R(t)− R(l). Note that∫ t
l
(R(t)− R(s))α(R(s)− R(l))β r[τ(s)]
λm
[
βR(t)− (α + β)R(s)+ αR(l)
r(s)(R(t)− R(s))(R(s)− R(l))
]m+1
ds
=
∫ t
l
(R(t)− R(s))α−m−1(R(s)− R(l))β−m−1 r[τ(s)]
λm
(βR(t)− (α + β)R(s)+ αR(l))m+1
rm+1(s)
ds
≤ 1
λm
∫ t
l
(R(t)− R(s))α−m−1(R(s)− R(l))β−m−1 (βR(t)− (α + β)R(s)+ αR(l))
m+1
rm(s)
ds
≤ 1
λm
∫ t
l
(R(t)− R(s))α−m−1(R(s)− R(l))β−m−1 (βR(t)− (α + β)R(s)+ αR(l))
m+1
r1/m(s)
ds
= 1
λm
∫ t
l
(R(t)− R(s))α−m−1(R(s)− R(l))β−m−1(βR(t)− (α + β)R(s)+ αR(l))m+1dR(s)
= 1
λm
∫ w
0
(w − u)α−m−1uβ−m−1(β(w − u)− αu)m+1du
= 1
λm
∫ w
0
[βm+1(w − u)αuβ−m−1 + C1m+1(−α)βm(w − u)α−1uβ−m
+ C2m+1(−α)2βm−1(w − u)α−2uβ−m+1 + · · · + Cm+1m+1 (−α)m+1(w − u)α−m−1uβ ]du.
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We define y = u
w
, employing∫ 1
0
yα−1(1− y)β−1dy = 0(α)0(β)
0(α + β) .
We can have∫ w
0
(w − u)αuβ−m−1du =
∫ w
0
wα+β−m
(
1− u
w
)α ( u
w
)β−m−1
d
u
w
=
∫ 1
0
wα+β−m(1− y)αyβ−m−1dy
= wα+β−m0(α + 1)0(β −m)
0(α + β −m+ 1) .
By simple calculation we obtain∫ w
0
(w − u)α−1uβ−mdu = wα+β−m0(α)0(β −m+ 1)
0(α + β −m+ 1)∫ w
0
(w − u)α−2uβ−m+1du = wα+β−m0(α − 1)0(β −m+ 2)
0(α + β −m+ 1)
· · ·∫ w
0
(w − u)α−m−1uβdu = wα+β−m0(α −m)0(β + 1)
0(α + β −m+ 1) .
Therefore∫ t
l
(R(t)− R(s))α(R(s)− R(l))β r[τ(s)]
λm
[
βR(t)− (α + β)R(s)+ αR(l)
r(s)(R(t)− R(s))(R(s)− R(l))
]m+1
ds
≤ 1
λm
[
βm+1wα+β−m
0(α)0(β −m+ 1)
0(α + β −m+ 1) + C
1
m+1(−α)wα+β−m
0(α)0(β −m+ 1)
0(α + β −m+ 1)
+ · · · + (−α)m+1wα+β−m0(α −m)0(β + 1)
0(α + β −m+ 1)
]
= 1
λm
wα+β−m
0(α −m)0(β −m)
0(α + β −m+ 1) [β
m+1α(α − 1) · · · (α −m)+ C1m+1βm(−α)(β −m)(α − 1) · · · (α −m)
+C2m+1βm−1(−α)2(α −m+ 1)(α −m)(α − 2) · · · (α −m)+ · · · + (−α)m+1β(β − 1) · · · (β −m)]
= 1
λm
wα+β−m
0(α −m)0(β −m)
0(α + β −m+ 1)
m+1∑
i=0
C im+1β
m+1−i(−α)i0(α + 1− i)0(β −m+ i)
0(α −m)0(β −m)
= 1
λm
wα+β−m
0(α −m)0(β −m)
0(α + β −m+ 1) H.
We have∫ t
l
φ(t, s, l)
[
Q1(s)− 1
(m+ 1)m+1
r[τ(s)]
λm
(
βR(t)− (α + β)R(s)+ αR(l)
r(s)(R(t)− R(s))(R(s)− R(l))
)m+1]
ds
≥
∫ t
l
φ(t, s, l)Q1(s)ds− 1
λm
1
(m+ 1)m+1w
α+β−m0(α −m)0(β −m)
0(α + β −m+ 1) H
=
∫ t
l
φ(t, s, l)Q1(s)ds− 1
λm
1
(m+ 1)m+1 (R(t)− R(l))
α+β−m0(α −m)0(β −m)
0(α + β −m+ 1) H > 0.
So Eq. (1.1) with τ(t) = λt(0 < λ ≤ 1) is oscillatory by Theorem 2.1.
Letm = 1 in Corollary 2.1; we can obtain the following oscillation criteria. 
Corollary 2.2. Assume that there exists a constant γ > 1/2, such that, for each l ≥ t0,
lim sup
t→∞
1
R2γ+1(t)
∫ t
l
(R(t)− R(s))2γ (R(s)− R(l))2Q2(s)ds > γ
(2γ − 1)(2γ + 1) , (2.12)
where Q2(s) = λµq(s)(1− p[τ(s)]). Then Eq. (1.1) is oscillatory.
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Corollary 2.3. Assume that there exists a constant δ > 1/2, such that, for each l ≥ t0,
lim sup
t→∞
1
R2δ+1(t)
∫ t
l
(R(t)− R(s))2(R(s)− R(l))2δQ2(s)ds > δ
(2δ − 1)(2δ + 1) , (2.13)
where Q2(s) = λµq(s)(1− p[τ(s)]). Then Eq. (1.1) is oscillatory.
Let r(t) ≡ 1 in Corollaries 2.2 and 2.3; we have the following results.
Corollary 2.4 ([10, Corollary 2.1]). Eq. (1.1) is oscillatory provided that, for each l ≥ t0, there exists a constant γ > 1/2, such
that
lim sup
t→∞
1
t2γ+1
∫ t
l
(t − s)2γ (s− l)2Q2(s)ds > γ
(2γ − 1)(2γ + 1) . (2.14)
Corollary 2.5 ([10, Corollary 2.2]). Eq. (1.1) is oscillatory provided that, for each l ≥ t0, there exists a constant δ > 1/2, such
that
lim sup
t→∞
1
t2δ+1
∫ t
l
(t − s)2(s− l)2δQ2(s)ds > δ
(2δ − 1)(2δ + 1) . (2.15)
Remark 2.2. In [10], Xu and Meng obtained the same results as Corollaries 2.4 and 2.5.
Remark 2.3. It is noteworthy that Theorems 2.1–2.3 and Corollary 2.1 can deal with equations withm 6= 1, r(t) 6= 1. They
contain some established results as special cases.
3. Example
In this section, we provide an example to illustrate our results.
Consider the following equation:[√
t(x(t)+
(
1− 1
tθ
)
x(t − τ))′
]′
+ ϑ
4t3/2−γ
|x(λt)|m−1x(λt) = 0, (3.1)
where ϑ > 0, τ ≥ 0, 0 < γ < 1, t ≥ 1.0 < λ < 1. Here
p(t) = 1− 1
tθ
, r(t) = √t, q(t) = ϑ
4t3/2−θ
, τ (t) = λt, f (u) = |u|m−1u.
Note that µ = 1, r(t) ≥ 1, r ′(t) = 12 t−1/2 > 0, R(t) =
∫ t
t0
s−1/2ds = 2(t1/2 − t01/2)→∞.
So assumptions (I1)–(I5) are satisfied. Moreover,
q(t)(1− p[τ(t)]) = ϑ
4t3/2−θ (λt)θ
= ϑ
4λθ t3/2
.
lim
t→∞
1
(2t1/2 − 2t1/20 )2δ+1
∫ t
l
(2t1/2 − 2s1/2)2(2s1/2 − 2l1/2)2δλ1−θϑ 1
4s3/2
ds
= lim
t→∞
∫ t
l 2(2t
1/2 − 2s1/2)(2s1/2 − 2l1/2)2δλ1−θϑ
4(2δ + 1)(2t1/2 − 2t1/20 )2δs3/2
ds
= λ1−θϑ lim
t→∞
2
∫ t
l (2s
1/2 − 2l1/2)2δ
4(2δ + 1)δ(2t1/2 − 2t1/20 )2δ−1s3/2
= λ1−θϑ lim
t→∞
(2t1/2 − 2l1/2)2δ
4(2δ − 1)δ(2δ + 1)t(2t1/2 − 2t1/20 )2δ−2
= λ
1−θϑ
(2δ − 1)δ(2δ + 1) .
For any ϑ > 1/4, there exists δ > 1/2, such that
λ1−θϑ
(2δ − 1)δ(2δ + 1) >
δ
(2δ − 1)(2δ + 1) .
This means that (2.13) holds. By Corollary 2.3, we have that Eq. (3.1) is oscillatory for ϑ > 1/4. However, the main results
of [1–9] fail to apply to Eq. (3.1).
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